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Suppose i-th person in generation 0: x0(i), i = 1, · · · , 2n
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One expects that    

lim
𝑛→∞

𝑬(𝑿𝒏)

𝟐𝒏
 

> 𝟎, 𝒑 > 𝒑𝒄

= 𝟎, 𝒑 < 𝒑𝒄



Theorem 1(Collet-Eckmann-Glaser-Martin 1984)    

⇒
1

𝒑𝒄
= 𝟏 + 

𝟐

∞

𝒍 − 𝟏 𝟐𝒍𝒂𝒍

So, if  

𝒂𝟏 ≠ 𝟏

 𝒍𝟐𝒍𝒂𝒍 < ∞
then  𝒑𝒄 ∈ (𝟎, 𝟏)



𝐹∞ 𝑋 ≔ lim𝑛→∞
𝐸 𝑋𝑛

2𝑛
, Free energy



𝐹∞ 𝑝 = 𝐹∞ 𝑋 ≔ lim𝑛→∞
𝐸 𝑋𝑛

2𝑛
, Free energy



Conjecture 2. (Derrida-Retaux 2014)  

𝑭∞ 𝒑𝒄 + 𝜺 = 𝒆𝒙𝒑 −
𝑲+ 𝒐 𝟏

𝜺  𝟏 𝟐
, 𝜺 ↓ 𝟎

𝐹∞ 𝑝 = 𝐹∞ 𝑋 ≔ lim𝑛→∞
𝐸 𝑋𝑛

2𝑛
, Free energy



3. Our resutls

Theorem 3  

Under some moment condition,



A weak version of Derrida-Retaux conjecture 

𝒆𝒙𝒑 −
𝑲𝟐𝒍𝒏(

𝟏
𝜺
)

𝜺  𝟏 𝟐
≤ 𝑭∞ 𝒑𝒄 + 𝜺 ≤ 𝒆𝒙𝒑 −

𝑲𝟏

𝜺  𝟏 𝟐

Theorem 4



A weak version of Derrida-Retaux conjecture 

𝒑 = 𝒑𝒄 ⇒ 𝑬(𝑿𝒏) ~
𝟖

𝒏𝟐

𝒆𝒙𝒑 −
𝑲𝟐𝒍𝒏(

𝟏
𝜺
)

𝜺  𝟏 𝟐
≤ 𝑭∞ 𝒑𝒄 + 𝜺 ≤ 𝒆𝒙𝒑 −

𝑲𝟏

𝜺  𝟏 𝟐

Theorem 4

known  𝒔𝒖𝒑𝒏𝑬 𝑿𝒏 < ∞

Conjecture 5
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